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Abstract
We propose an evolutional scenario of the universe which starts from
quantum states with conformal invariance, passing through the inflation-
ary era, and then makes transition to the conventional Einstein space-
time. The space-time dynamics is derived from the renormalizable higher-
derivative quantum gravity on the basis of a conformal gravity in four
dimensions. Based on the linear perturbation theory in the inflationary
background, we simulate evolutions of gravitational scalar, vector and
tensor modes, and evaluate the spectra at the transition point located at
the beginning of the big bang. The obtained spectra cover the range of
the primordial spectra for explaining the anisotropies in the homogeneous
CMB.
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1 Introduction
After passing many theoretical as well as experimental tests, the general
theory of relativity has been established as the fundamental theory of gravity
capable of describing the universe. On the other hand, tracing the history of the
universe, the space-time in its early epoch would be totally fluctuating quantum
mechanically so that geometry lose its classical meaning. This would imply that
there is a transition from quantum space-time to classical space-time, and there
should exist a dynamical scale separating these two phases.
There is a possibility to observe the instance of the transition, because we
can trace the past guided by known physical laws as far as the classical general
relativity holds. Valuable information on physical processes taking place in the
expanding universe has been recorded in the cosmic microwave background ra-
diation (CMB) as tiny anisotropies. Angular power spectra of the anisotropies,
recently observed by the Cosmic Background Explorer (COBE) [1] and the
Wilkinson Microwave Anisotropy Probe (WMAP) [2, 3], are, roughly speak-
ing, projection of the history of universe for the period between its birth to
the present. It gives us an amazing hope that if we believe the idea of infla-
tionary universe [4, 5] meaning an extremely rapid expansion without global
thermalization, the long-distance correlation in observed anisotropies can pro-
vide information about dynamics of the period before the universe grew to the
Planck scale. We are now at the stage of revealing and verifying the quantum
aspect of universe.
The model of space-time transition proposed in this paper emerges from the
renormalizable higher-derivative quantum theory of gravity developed on the
basis of the conformal gravity in four dimensions. In this theory, at very high
energies beyond the Planck scale, quantum fluctuations of the conformal mode
in the metric field are dominated, and it is treated non-perturbatively. The
space-time is described by a conformal field theory whose dynamics is governed
by conformal invariant gravitational actions. The conformal field theory loses
its validity at the dynamical scale indicated by the asymptotic freedom of the
unique dimensionless coupling constant introduced for the traceless tensor mode.
At about this point the universe is expected to make a transition from the
quantum space-time to the classical Einstein space-time.
There are three mass scales in the model, namely the Planck mass MP,
the dynamical scale ΛQG, and the cosmological constant ΛCOS. We set their
ordering as
MP ≫ ΛQG ≫ Λ1/4COS. (1.1)
We shall obtain an evolutional scenario according to the order starting infla-
tion driven by quantum effects of gravity without adding any artificial field by
hands [6]. The inflationary model induced by quantum effects of gravity was
first proposed by Starobinsky [5]. We here develope along the idea and propose
an evolutional scenario of the universe summarized as follows: the conformal
symmetry begins to be broken about the Planck scale to form an inflationary
universe with the expansion time constant of order of the Planck mass, and
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completely broken at the dynamical scale turning to the classical Einstein uni-
verse. Then, energies stored in extra degrees of freedom in higher-derivative
gravitational fields shift to matter degrees of freedom, causing the big bang.
The primordial power spectra obtained from the two-point correlation func-
tions of gravitational fields show a significant character of the transition which
is expected to be observed cosmologically.
The aim of this paper is to clarify why we can observe the Planck scale
phenomena today from the tiny CMB anisotropies. Evolution of the universe
is described by the equations of motion taking effects of running coupling as a
time-dependent function. We find an inflationary solution that starts from the
Planck scale and end at the dynamical scale where the transition of space-time
occurs. Since the inflationary homogeneous solution is stable, the fluctuations
from this solution will be slowly diminishing during the inflationary era, and thus
the linear perturbation about the inflationary solution becomes applicable. We
evaluate gravitational fluctuations perturbed about the homogeneous solution:
the scalar perturbation so-called Bardeen potential, the vector perturbation
and the tensor perturbation. We obtain the spectra at the transition point,
which should be used for the primordial spectra to analize the data observed by
WMAP. The rest of the paper organized as follows: we summarize the model
of quantum gravity in section 2 and construct an evolutional scienario of the
universe in section 3. In section 4 we study the linear perturbation theory in
the inflationary background. We then simulate evolutions of perturbations and
obtain primordial spectra in section 5. We conclude in section 6.
2 Renormalizable Quantum Gravity
Since it has been recognized that any attempt to quantize Einstein grav-
ity perturbatively [7, 8, 9] cannot be succeeded [10], most of researchers in
this field feel the necessity of quantizing gravity in either a non-perturbative
way or others. Historically, the renormalization problem is tackled introduc-
ing four-derivative terms to the Einstein-Hilbert action [11, 12, 13], so that the
gravitational coupling constant becomes dimensionless, and at the same time
we can avoid the unboundness problem. Among various models, we employ the
conformal gravity without R2 term [14, 15].
The Model The conformal gravity is defned by the action,
I =
∫
d4x
√−g
{
− 1
t2
C2µνλσ − bG4 +
M2P
2
R− ΛCOS
−1
4
Tr
(
F 2µν
)− 1
2
(
∂µX∂µX +
1
6
RX2
)
+ · · ·
}
, (2.1)
where we write the reduced Planck mass and the cosmological constant as
MP = 1/
√
8piG and ΛCOS, respectively. There are two conformal invariant
four derivative actions in four dimensions: the square of the Weyl tensor C2µνλσ
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and the Euler term G4. The Weyl tensor is the field strength for the traceless
tensor mode, and t is the dimensionless coupling constant. The constant b is
introduced to renormalize divergences proportional to the Euler term, which is
not an independent constant because it does not have a kinetic term.
The third term is the Einstein-Hilbert action, which will dominate at energies
below the Planck scale. Fµν is a gauge field strength, and X is a scalar field
with conformal coupling. In addition to these fields, we may consider fermions,
which are conformally invariant in any dimensions, without mass terms.
The beta function of the renormalized coupling constant tr indicates asymp-
totic freedom. This implies that at high energies beyond the Planck scale, the
coupling constant gets small, and accordingly configurations with the vanishing
Weyl tensor will dominate. Then, the singular configulation such as a black
hole at which the Riemann-Christoffel curvature tensor is divergent is excluded
quantum mechanically. This is a prominent feature of the renormalizable quan-
tum gravity based on the conformal gravity, in contrast to the theory based
on the Einstein-Hilbert action because such a configuration has the vanishing
scalar curvature so that its quantum weight in the path integral is unity.
The partition function is defined by the functional integral over the metric
field gµν . We here decompose the metric field into the conformal mode φ, the
traceless mode hλν and the background metric gˆµλ as
gµν = e
2φg¯µν , (2.2)
and
g¯µν =
(
gˆeh
)
µν
= gˆµλ
(
δλν + h
λ
ν + · · ·
)
, (2.3)
with tr(h) = hλλ = 0. Since we will consider a case with large running coupling
constant, we include the coupling t in the traceless mode hλν instead of th
λ
ν .
The signature of the metric is taken as (−1, 1, 1, 1). The contraction of the
indices of hµν is done by using the background metric gˆµν . In the following,
quantities with the hat and the bar on them are defined in terms of the metric
gˆµν and g¯µν , and the contraction of them is done by using the metric gˆµν and
g¯µν , respectively. Unless it is not specified, the flat background gˆµν = ηµν is
used, which defines the comoving frame with the coordinate xµ = (η, xi) and
∂µ = (∂η, ∂i).
Techniques to treat diffeomorphism invariance are developed in the two di-
mensional theory at the end of 1980’s [16, 17, 18, 19], and extended later in
four dimensions [20, 21, 22, 23, 24, 14, 25, 26, 15]. We change the path-integral
measures from the diffeomorphism invariant measures to the practical mea-
sures defined on the background metric gˆµν . In order to recover the diffeomor-
phism invariance the Wess-Zumino term S [27] related to conformal anomalies
[28, 29, 30, 31] in the action is necessary as the Jacobian, and the partition
function is expressed as
Z =
∫
[dφdhdAdX ]gˆ
Vol(diff.)
exp {iS(φ, g¯) + iI(A,X, g)} . (2.4)
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The induced action S contains the kinetic term for the conformal field. At the
lowest order in the coupling, it is given by the Riegert action [20]
S(φ, g¯) = − b1
(4pi)2
∫
d4x
√−g¯
{
2φ∆¯4φ+
(
G¯4 − 2
3
∇¯2R¯
)
φ+
1
18
R¯2 + · · ·
}
,
(2.5)
where
√−g∆4 is a conformal invariant fourth order self-adjoint operator for a
scalar field variable and ∇2 = ∇λ∇λ. The coefficient b1 has been computed
within the lowest order as [22]
b1 =
1
360
(
NX +
11
2
NW + 62NA
)
+
769
180
, (2.6)
where NX, NW and NA are the numbers of scalar fields, Weyl fermions and
gauge fields added to the action, respectively. The dots indicate new vertices
like φn+1∆¯4φ, φ
nC¯2µνλσ , and φ
nTr(F 2µν) induced at higher order of the coupling
[14, 32].
Since the conformal variation of the metric g¯µν is equivalent to the variation
of the conformal field, the trace of derived stress tensor must be equal to the
equation of motion of the confromal field. The second and third terms in the
Riegert action (2.5) ensure such a diffeomorphism invariance condition within
the linear approximation discussed in Section 4.
Running coupling constant The beta function of the renormalized coupling
tr for the traceless mode has been calculated to be β = −β0t3r with β0 = {(NX+
3NW + 12NA)/240 + 197/60}/(4pi)2 within the lowest order of perturbation
[13, 14]. It indicates the dynamics of the traceless tensor mode asymptotically
free. The effective action in the momentum space is expanded in tr as
Leff = −
{
1
t2r
− 2β0φ+ β0 log
(
k2
µ2
)
+ · · ·
}
C2µνλσ
= − 1
t2r(p)
C2µνλσ (2.7)
for the Weyl tensor term, where k is a comoving momentum defined on the flat
background. The running coupling constant is approximately written as
t2r(p) =
1
β0 log(p2/Λ2QG)
, (2.8)
where p is a physical momentum defined by p = k/eφ. The coupling constant
is a measure of the degree of deviation from conformal field theory. The scale
parameter ΛQG = µ exp{−1/2β0t2r} with µ being a renormalization mass scale
represents the energy scale where the metric field changes its appearance from
the conformal mode and the traceless mode to the conventional Einstein gravity.
As discussed later, in the inflationary era the conformal field, φ, grows large
and the physical momentum diminishes exponentially. Accordingly, the running
4
coupling constant tr(p) gets large during the inflation. As energies become
lower to the dynamical scale ΛQG, the running coupling constant diverges and
the Weyl terms in the effective action will disappear. There, the conformal
invariance terminates and the background metric appears as a physical measure
of space and time. Beyond the energy smaller than this point the Einstein
gravity dominates the dynamics.
3 Evolutional Scenario of The Universe
The renormalizable conformal quantum gravity suggests that there are four
stages in the evolution of the universe divided by three mass scales. The first
is quantum phase dominated by the dynamics of the conformal gravity action,
which gradually turns to the second stage, i.e. the inflationary era. The third
stage is the Einstein universe mostly ruled by the classical theory of general
relativity. The last is the present deSitter evolution where the universe expanded
sufficiently and the cosmological constant becomes effective. The aim of this
section is to construct an evolutional model connecting the quantum gravity
phase and the Einstein space-time.
Inflationary phase In the very early epoch when the space extends much
smaller than the Planck scale, typical energy is higher than MP. Corrections
of order t2r in the asymptotic free regime can be neglected and the dynamics is
governed by conformal field theory of gravity. As the universe expands typical
energy gets lowered to MP, the Einstein action gradually becomes effective,
so that the conformal symmetry starts to be broken to develop the classical
solution. The effective action valid for such an energy regime is given by the
sum of the Riegert action (2.5), the Einstein action and the matter action.
The homogeneous equations of motion has a stable inflationary solution [6]. At
the ΛQG scale, this symmetry is completely broken and the universe make a
transition to the classical space-time. In this section, we consider a dynamical
effect arising from the effective action under the inflationary background.
The equations of motion simplified in the local form are obtaind in the way
that the coefficient of the Riegert action of order t2r corrections is written as [15]
b1 → b1
(
1− a1t2r + · · ·
)
= b1B0(tr), (3.1)
where a1 is a positive constant, and B0 is assumed to be
B0(tr) =
1
(1 + a1κ t
2
r)
κ
. (3.2)
Here, κ is a parameter for taking into account of the higher order perturbative
effects phenomenologically, which lies in the range: 0 < κ ≤ 1. The equation of
motion for the conformal mode is then obtained as
− b1
4pi2
B0∂
4
ηφ+M
2
Pe
2φ
{
6∂2ηφ+ 6∂ηφ∂ηφ
}
= 0. (3.3)
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This equation comes from the trace part of the stress tensor. Here, there is no
contribution from the Weyl and the matter terms, which are trivially traceless.
The energy conservation equation from the time-time component of the stress
tensor is given by
b1
8pi2
B0
{
2∂3ηφ∂ηφ− ∂2ηφ∂2ηφ
}− 3M2Pe2φ∂ηφ∂ηφ+ e4φρ = 0. (3.4)
Since the matter sector is conformal invariant, we here assume the stress tensor
to be a form of the so-called perfect fluid with density ρ, although its contents
may be different from that of ordinary matters. The contribution from the Weyl
action also vanishes in the energy conservation equation.
It is known that these equations have a stable inflationary solution for the
region where the coupling constant tr is small. As mentioned in section 2,
however, the coupling constant can not stay small in the inflationary space-
time. We must take into account the gradual increase of the coupling constant
along with the expansion. The inclusion of the dynamical effects is not simple,
and the equations of motion become rather complicated containing non-linear
as well as non-local terms. Bravely, we simplify it under the following physical
consideration: the running coupling constant tr(p) is an operator which acts
on the field φ, and it may fluctuate very much even on a smooth background.
When the scale of local fluctuation of the order 1/MP is small compared to the
size of the system, 1/ΛQG, we approximate the running coupling operator by
its average under the spirit of the mean-field approximation. We rewrite the
running coupling operator by time-dependent average replacing the physical
momentum by 1/τ in equation (2.8):
t2r(τ) =
1
β0 log(1/τ2Λ2QG)
, (3.5)
where τ is proper time defined by dτ = a(η)dη with a = eφ. It shows that the
running coupling diverges at the dynamical time scale, τ = τΛ with τΛ = 1/ΛQG.
Replacing the constant t2r in the dynamical coefficient (3.2) by the time-
dependent running coupling constant (3.5), and introducing the variable H =
a˙(τ)/a(τ), where the dot denotes the derivative with respect to the proper time
τ , the trace equations of motion (3.3) is written as
b1
8pi2
B0(τ)
( ...
H +7HH¨ + 4H˙
2 + 18H2H˙ + 6H4
)
− 3M2P
(
H˙ + 2H2
)
= 0 (3.6)
and the conservation equation (3.4) is
b1
8pi2
B0(τ)
(
2HH¨ − H˙2 + 6H2H˙ + 3H4
)
− 3M2PH2 + ρ = 0. (3.7)
For the region where the running coupling is small, these equations have
a stable solution in which the scale factor exponentially grows up with the
expansion time constant H ≃ HD, such that a(τ) ≃ eHDτ , where
HD =
√
8pi2
b1
MP. (3.8)
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As the coupling constant gradually increases, the value of the function B0 re-
duces, and the value of H and its time derivatives increase. At the transition
point τΛ for 0 < κ ≤ 1, the the third derivative of H diverges. In the case of
κ = 1, the second derivative of H also diverges. The combination B0H¨ , how-
ever, vanishes in any case at the transition point so that the energy density is
kept finite.
The energy conservation equation implies that the density ρ starts almost
vanishing in the inflationary era, and at the transition point it sharply increases
to the finite value ρ(τΛ) = 3M
2
PH
2(τΛ).
4 This behavior becomes more clear
when we consider the time derivative of matter density,
ρ˙+ 4Hρ =
b1
8pi2
B˙0(τ)
(
2HH¨ − H˙2 + 6H2H˙ + 3H4
)
. (3.9)
Initially B˙0 ≃ 0, and the matter density is not increasing, while it increases
sharply about the transition point where B0 changes drastically.
Solving equations of the motion numerically, we obtain the solutions for
H and ρ shown in figure 3.1, and a and ρ in figure 3.2. The simulation is
performed starting at the Planck time defined by τP = 1/HD and ending at
τΛ = 1/ΛQG. We choose three values b1 = 7, 10, 15 for the coefficient of the
Riegert action determined from the conformal field, where the values correspond
to the Standard model and various GUT models.5 The other parameters are
rather indistinct because they depend on the non-perturbative dynamics of the
traceless mode, and they are likely to be determined phenomenologically. Here,
they are chosen as β0 = 0.6, a1 = 0.1 and κ = 0.5. The ratio of the mass scales
is set as HD/ΛQG = 60 and by this choice the number of e-foldings from the
Planck time to the dynamical time becomes
Ne = log a(τΛ)
a(τP)
= 65. (3.10)
This e-foldings gives the desirable number large enough to explain the evolu-
tional scenario of the universe from the Planck time to the present and the
primordial spectrum discussed in section 5.
This simulation suggests that the quantum fluctuation of the conformal field
covering over the whole quantum universe makes a transition to matter fluc-
tuations at τΛ, and the expansion slows down from the inflating conformal
space-time to the Einstein space-time as discussed below. The entropy is then
generated to develop the thermal universe, which is regarded as the big bang in
our scenario. The primordial spectrum we extract from the CMB observation
is expected to be the reflection of quantum fluctuation of the gravitational field
developed right before the transition.
4This value is consistent with the radiation density for the Hawking temperature of deSitter
space-time propotional to HD, although the meaning of the temperature in quantum space-
time seems obscure.
5For example, b1 = 7.0 (NA = 12, NW = 45) for the Standard model, b1 = 9.1 for
SU(5) (NA = 24, NW = 45), b1 = 12.0 for SO(10) (NA = 45), and b1 = 17.7 for E6 (NA =
78).
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ρΛ(b1=10)=1.74
ρΛ(b1=15)=2.62
1
ρ (b1=7)
ρ (b1=10)
ρ (b1=15)
 0
 1
 2
H
τΛ=60
H (b1=7)
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Figure 3.1: The time evolution of H and ρ for b1 = 7, 10, and 15. HD is nor-
malized to be unity, and thus τΛ = 60 and inflationary solution for H becomes
independent of b1. The dashed line denotes the Friedmann solution for H .
Einstein phase Below the energy scale ΛQG, the Einstein action becomes
dominated, and the space-time makes transition to the Friedmann universe.
Here, in analogy to the chiral perturbation theory as the low energy effective
theory of QCD [33], we derive the low energy effective theory of gravity valid
below the energy scale ΛQG, and connect the solution in the inflationary phase
with that in the Einstein phase smoothly at the transition point.
In the case of QCD, dynamics of gauge fields disappears below the dynamical
QCD scale, and meson and baryon become dynamical fields. In quantum gravity,
although dynamics of conformal gravity disappear below ΛQG, the metric tensor
still remains as the dynamical variable in the Einstein gravity. As a consequence,
the low energy effective action is given by an expansion in derivatives of the
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Figure 3.2: The time evolution of a and ρ for b1 = 7, 10, and 15 in a logarithmic
plot, normalized by their values at τΛ (= 60) denoted by aΛ and ρΛ, respectively.
The dashed line denotes the Friedmann solution for ρ.
metric field as
Ilow =
∫
d4x
√−g {L2 + L4 + · · ·} , (3.11)
where the lowest derivative cosmological term is not included because it is neg-
ligible at the energy scale we are discussing. The two derivative term is the
Einstein action
L2 = M
2
P
2
R + LM2 , (3.12)
where LM2 is the conformally invariant matter lagrangian.
In practice we employ terms up to the fourth order. Following the prescrip-
tion of the low energy effective theory, L2 is used for calculating both tree and
one loop diagrams, while L4 is used for the tree diagrams. The Planck mass is
then regarded as the counterpart of the pion decay constant in chiral pertur-
bation theory. The higher derivative terms are expanded by the inverse of the
Planck constant, which can be justified owing to the ordering MP ≫ ΛQG. The
possible terms for L4 are given by
R2, R2µν , R
2
µνλσ ,
1
M2P
RµνT
µν
M ,
1
M4P
T µνM T
M
µν , (3.13)
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where TMµν is the stress tensor for conformally invariant matters.
Since we restrict our effective action up to the fourth order, the Einstein
equations of motion M2PRµν = T
M
µν is used to reduce the terms in L4. The
equation of motion also implies R = 0. Taking into account these equations
and Euler relation to remove the square of the Riemann-Christoffel curvature
tensor, the independent terms in L4 is simply given by
L4 = α
(4pi)2
RµνRµν . (3.14)
Here, the constant α is a positive value which is phenomenologically determined.
The constant α acquires loop corrections coming from L2. The renormaliza-
tion procedure is done by background field method [7, 9] about the background
satisfying the Einstein equations of motion with the cutoff Λ (< ΛQG). The
constant α receives a finite renormalization dependent on the cutoff scale. The
differences between two cutoff scales, Λ and ΛQG, will be given by
α(Λ) = α(ΛQG) + ζ log(Λ
2/Λ2QG). (3.15)
Here, ζ is a gauge invariant constant, because the Ricci tensor is divergence-
free by equation of motion: ∇µRµν = ∇µTMµν = 0. For the contributions from
diagrams with internal matter loops, ζ = (NX + 3NW + 12NA)/120. Equation
(3.15) shows that the coupling α becomes small and the four-derivative term
becomes irrelevant at low energies. It is worth commenting that this theory is
valid at the low energy below ΛQG, and therefore a ghost pole located at the
order ofMP does not emerge. Therefore, the higher derivative action in the low
energy effective action does not conflict with unitarity.
We firstly solve the equation of motion for the homogeneous component in
the low energy effective theory. It is given by the trace of the stress tensor, or
the variation of the conformal mode,
M2P
(
H˙ + 2H2
)
+
α
4pi2
( ...
H +7HH¨ + 4H˙
2 + 12H2H˙
)
= 0 (3.16)
for H as a function of the proper time. The energy conservation equation is
obtained as
−3M2PH2 + ρ+
α
4pi2
(
−6HH¨ + 3H˙2 − 18H2H˙
)
= 0. (3.17)
When we restrict terms in the effective action up to the fourth order in
derivatives, it would be valid at the energy scale sufficiently below ΛQG. In order
to fill the gap between ΛQG and the low energy scale Λ, we naively interpolate
the equation up to ΛQG by assuming the coupling to be time-dependent:
α(τ) = α0 + ζ log
(
1
τ2Λ2QG
)
≃ α0
1 + ζα0 log(τ
2Λ2QG)
, (3.18)
where α0 = α(ΛQG). This form is given by replacing the cutoff with the inverse
of the proper time in (3.15). By the running coupling we expect to take into
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account the space expansion effect as we have done for the coupling tr(p) →
tr(1/τ) in the last section. By this coupling, it is expected to vanish at low
energy, and it is written in an non-negative form.
Equations for both sides of the transition time τΛ are the same order, and
we can smoothly connect the Einstein space-time with the inflationary space-
time. The initial values of H , H˙ and ρ are chosen to connect with those in the
inflationary phase. The initial value of H¨ in order to solve equation (3.16) is
given by solving the energy conservation equation (3.17). We can show that
the Friedmann universe, H˙ + 2H2 = 0 and 3M2PH
2 = ρ, is a solution of equa-
tions of motion (3.16) and (3.17), and general solutions are approaching to the
Friedmann universe oscilating about this solution. The numerical simulation is
carried out by setting the parameters as α0 = 1 and ζ = 1. The results are
given in figures 3.1 and 3.2, in which HD is normalized to be unity such that the
solutions depend on the value b1. For a few steps in the period after the tran-
sition, the space-time expands acceleratingly and the matter density decreases
sharply during that period. It soon reduces to the Friedmann universe.
4 Linear Perturbation Theory
Since the inflation is a stable solution, it is expected that the amplitude of
fluctuation of scalar curvature, δR, damps during the inflation, but does not
vansish. The amplitude is estimated as follows: since scalar curvature has two
derivatives, the size of the fluctuation at the Planck scale is estimated to be
δR ∼ H2D such that δR/R ∼ H2D/12H2D ∼ 10−1 in the inflationary background,
where the denominator is normalized by the deSitter curvature with H = HD.
Near the transition point, the running coupling gets large and the energy scale is
the order of ΛQG. Then, the the scalar curvature contrast at the transition point
is estimated to be δR/R ∼ Λ2QG/12H2D. If we take the dynamical mass smaller
than the Planck mass by two digits, the amplitude becomes the observed order
of 10−5. This allows linear perturbations [34, 35, 36, 37] about the inflationary
solution applicable from the Planck scale to the dynamical transition scale.
The asymptotic freedom implies that the fluctuations of vector and tensor
modes are relatively small compared to the scalar mode. In addition, the fluc-
tuation we will discuss expands rapidly enough during the inflation to the size
far from the horizon scale, and thus it is not affected by the dynamics near
the transition point. The linear perturbation can be used for such a size of the
vector and the tensor as well.
Perturbations The conformal mode and matter density are perturbed about
the homogeneous solution as
φ(η,x) = φ(η) + ϕ(η,x),
ρ(η,x) = ρ(η) + δρ(η,x), (4.1)
where φ(η) and ρ(η) are solutions of the equations of motion (3.3) and (3.4). In
below, except in the appendix A, φ denotes the homogeneous solution.
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The stress tensor for the matter sector is traceless, which is taken to be
TMλλ = 0,
TM00 = e
4φ(ρ+ δρ+ 4ρϕ),
TM0i = −
4
3
e
4φρ
(
vi +
1
2
h0i
)
,
TMij = e
4φ
{
1
3
(ρ+ δρ+ 4ρϕ)δij +Πij
}
, (4.2)
where vi = ∂iv + v
T
i are velocity perturbations, where v
T
i is the transverse
component. The anisotropic stress is traceless, Πii = 0. The appearance of
the conformal factor is due to the convention of the stress tensor defined in the
appendix A.
Hence, we consider the linear perturbations of field variables, ϕ(η,x), hµν(η,x),
δρ(η,x), and vi(η,x).
Gauge invariance Under the general coordinate transformations, δξgµν =
gµλ∇νξλ + gνλ∇µξλ, field variables are transformed within a linear approxima-
tion as
δξϕ = ξ
λ∂λφ+
1
4
∂λξ
λ,
δξhµν = ∂µξν + ∂νξµ − 1
2
ηµν∂λξ
λ, (4.3)
where ξµ = ηµνξ
ν . The traceless tensor mode is further decomposed as
h00 = h,
h0i = h
T
i + ∂ih
′,
hij = h
TT
ij + ∂(ih
T′
j) +
1
3
δijh+
(
∂i∂j
|∂2 −
1
3
δij
)
h′′, (4.4)
where i, j = 1, 2, 3. hTi and h
T′
i are the transverse vectors and h
TT
ij is the
transverse-traceless tensor. |∂2 = ∂i∂i is the spacial comoving Laplacian. If ξµ
is decomposed as ξ0 and ξi = ξ
T
i + ∂iξ
S, the general coordinate transformations
are described in terms of ξ’s as
δξϕ = ξ
0∂ηφ+
1
4
∂ηξ
0 +
1
4
|∂2ξS,
δξh = −3
2
∂ηξ
0 +
1
2
|∂2ξS,
δξh
′ = −ξ0 + ∂ηξS,
δξh
′′ = 2 |∂2ξS,
δξh
T
i = ∂ηξ
T
i ,
δξh
T′
i = 2ξ
T
i ,
δξh
TT
ij = 0. (4.5)
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For the matter sector, the perturbed variables are transformed as
δξv = −∂ηξS,
δξv
T
i = −∂ηξTi ,
δξ(δρ) = ξ
0∂ηρ,
δξΠ
i
j = 0. (4.6)
The gauge invariant gravitational potentials so-called Bardeen potentials are
defined by
Φ = ϕ+
1
6
h− 1
6
h′′ + σ∂ηφ,
Ψ = ϕ− 1
2
h+ σ∂ηφ+ ∂ησ, (4.7)
where
σ = h′ − 1
2
∂ηh
′′
|∂2 . (4.8)
If we take the gauge h′ = h′′ = 0, the Bardeen potentials are expressed as
Φ = ϕ+ h/6 and Ψ = ϕ− h/2 such that the metric has the following form:
ds2 = a2
[− (1 + 2Ψ)dη2 + (1 + 2Φ)dx2] (4.9)
for the scalar perturbations. The gauge invariant vector and tensor perturba-
tions are defined by
Υi = h
T
i −
1
2
∂ηh
T′
i and h
TT
ij . (4.10)
For the matter sector, gauge invariant perturbations are defined by
D =
δρ
ρ
+
∂ηρ
ρ
σ − 4∂ηφV,
V = v +
1
2
∂ηh
′′
|∂2 ,
Vi = v
T
i +
1
2
∂ηh
T′
i ,
Ωi = v
T
i + h
T
i . (4.11)
Here, the vector variables satisfy the relation Υi + Vi − Ωi = 0.
The gauge invariance restricts the form of the stress tensor with the dy-
namical factor for the conformal-field sector. In order to obtain the gauge
invariant equations of motion, it is necessary to rewrite the function B0 by the
field-dependent function B which transforms as a scalar under the coordinate
transformation:
δξB = ξ
λ∂λB = ξ
0∂ηB. (4.12)
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Using the σ field, which is transformed as δξσ = −ξ0, the scalar function B is
written as
B = B0 − σ∂ηB0. (4.13)
The stress tensors for the Riegert action are given in the appendix A. Replacing
the coefficient b1 in the expressions by the dynamical factor b1B, we obtain the
equations of motion for the conformal-field sector.
Linear scalar equations Let us write down the linear equations of motion for
the gauge invariant scalar perturbations, in which the anisotropic stress tensor,
Πij , does not contribute. We find four independent dynamical equations of
motion for four independent scalar perturbations, Φ, Ψ, D, and V . We first
consider the following two equations:
Tλλ = 0, (4.14)
1
|∂2
(
Tii − 3
∂i∂j
|∂2 Tij
)
= 0. (4.15)
These equations are independent of the matter sector, and we can obtain the
Bardeen potentials by solving these equations. In terms of the gauge invariant
variables, the trace equation (4.14) can be written as
b1
8pi2
B0(τ)
{
−2∂4ηΦ− 2∂ηφ∂3ηΦ +
(
−8∂2ηφ+
10
3
|∂2
)
∂2ηΦ
+
(
−12∂3ηφ+
10
3
∂ηφ |∂2
)
∂ηΦ +
(
16
3
∂2ηφ−
4
3
|∂2
)
|∂2Φ
+2∂ηφ∂
3
ηΨ+
(
8∂2ηφ+
2
3
|∂2
)
∂2ηΨ+
(
12∂3ηφ−
10
3
∂ηφ |∂2
)
∂ηΨ
+
(
−16
3
∂2ηφ−
2
3
|∂2
)
|∂2Ψ
}
+M2Pe
2φ
{
6∂2ηΦ + 18∂ηφ∂ηΦ− 4 |∂2Φ− 6∂ηφ∂ηΨ
+
(
12∂2ηφ+ 12∂ηφ∂ηφ− 2 |∂2
)
Ψ
}
= 0. (4.16)
Here, the field ∂4ηφ and the factor ∂ηB0 in B are removed by using the ho-
mogeneous equations of motion. The formulas in the appendix B are useful
when equations of motion are transformed in terms of the proper time. The
space-space component equation (4.15) gives
b1
8pi2
B0(τ)
{
4
3
∂2ηΦ + 4∂ηφ∂ηΦ+
(
28
3
∂2ηφ−
8
3
∂ηφ∂ηφ− 8
9
|∂2
)
Φ
−4
3
∂ηφ∂ηΨ+
(
−4
3
∂2ηφ+
8
3
∂ηφ∂ηφ− 4
9
|∂2
)
Ψ
}
+
2
t2r(τ)
{
4∂2ηΦ−
4
3
|∂2Φ− 4∂2ηΨ+
4
3
|∂2Ψ
}
+M2Pe
2φ {−2Φ− 2Ψ} = 0. (4.17)
14
Equation (4.17) is of a second order with respect to the time derivative. This
equation plays an important role in connecting between the inflation and the
Einstein phases. In the limit tr → 0, where the conformal field dominates,
Φ = Ψ is realized due to the vanishing of the Weyl tensor, while at the transition
point where the coupling diverges, the configulation with Φ = −Ψ should be
realized.
The matter density fluctuation D is determined by the equation for (00)-
component of stress tensor, and the velocity perturbation V are determined by
the equation for (0i)-component. We here consider the following two combina-
tions:
T00 + 3∂ηφ
∂i
|∂2Ti0 = 0, (4.18)
∂i
|∂2Ti0 = 0. (4.19)
In terms of the gauge invariant variables, the energy conservation equation (4.18)
is written as
b1
8pi2
B0(τ)
{(
−2∂2ηφ+ 2∂ηφ∂ηφ−
2
3
|∂2
)
∂2ηΦ+
(
2∂3ηφ− 4∂2ηφ∂ηφ
)
∂ηΦ
+∂ηφ
(−2∂2ηφ+ 2∂ηφ∂ηφ− 2 |∂2) ∂ηΦ +
(
−20
3
∂ηφ∂ηφ+
4
9
|∂2
)
|∂2Φ
+∂ηφ
(
2∂2ηφ− 2∂ηφ∂ηφ+
2
3
|∂2
)
∂ηΨ+
(−2∂3ηφ∂ηφ+ 4∂2ηφ∂2ηφ)Ψ
+
(
2∂2ηφ+
2
3
∂ηφ∂ηφ+
2
9
|∂2
)
|∂2Ψ
}
+
2
t2r(τ)
{
−4
3
|∂4Φ− 4∂ηφ |∂2∂ηΦ+ 4
3
|∂4Ψ+ 4∂ηφ |∂2∂ηΨ
}
+M2Pe
2φ2 |∂2Φ + e4φρD = 0. (4.20)
and equation (4.19) is
b1
8pi2
B0(τ)
{
−2
3
∂3ηΦ +
(
−10
3
∂2ηφ+
2
3
∂ηφ∂ηφ+
4
9
|∂2
)
∂ηΦ− 4
3
∂ηφ |∂2Φ
+
2
3
∂ηφ∂
2
ηΨ+
(
2∂2ηφ−
2
3
∂ηφ∂ηφ+
2
9
|∂2
)
∂ηΨ+
(
2∂3ηφ−
2
3
∂ηφ |∂2
)
Ψ
}
+
2
t2r(τ)
{
−4
3
|∂2∂ηΦ+ 4
3
|∂2∂ηΨ
}
+M2Pe
2φ {2∂ηΦ− 2∂ηφΨ} − 4
3
e
4φρV = 0. (4.21)
These equations involve up to the third order in the time derivative. Thus,
substituting the Bardeen potentials obtained from (4.16) and (4.17) into these
equations, we can get the density perturbation D and velocity perturbations
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V . Since terms from the Riegert and the Weyl sectors with dynamical factors
disappear at the transition point τΛ according to the vanishing of the factors,
1/t2r and B0, the values of D(τΛ) and V (τΛ) are determined from the value of
Φ(τΛ) (= −Ψ(τΛ)). Thus, it is enough to compute the Bardeen potentials to
achieve information necessary at the transition time τΛ.
Linear vector equations The vector fluctuation Υi is determined by the
equation for (ij)-component of stress tensor, and the velocity perturbation Ωi
is determined by the equation for (0i)-component of stress tensor. We consider
the following combinations:
∂j
|∂2Tij = 0, (4.22)
T0i = 0. (4.23)
Equation (4.22) is written as
2
t2r(τ)
{
∂3ηΥi − ∂η |∂2Υi
}
− b1
8pi2
B0(τ)
{(
1
3
∂2ηφ+
4
3
∂ηφ∂ηφ
)
∂ηΥi +
(
1
3
∂3ηφ+
8
3
∂2ηφ∂ηφ
)
Υi
}
+M2Pe
2φ
{
1
2
∂ηΥi + ∂ηφΥi
}
= 0. (4.24)
and equation (4.23) is
2
t2r(τ)
{
∂2η |∂2Υi − |∂4Υi
}− b1
8pi2
B0(τ)
(
1
3
∂2ηφ+
4
3
∂ηφ∂ηφ
)
|∂2Υi
+
1
2
M2Pe
2φ |∂2Υi − 4
3
e
4φρΩi = 0. (4.25)
The second equation is composed of variables with at most the second order
of the time derivative, while the first equation is of the third order. Thus, the
value of Ωi(τΛ) is determined from the value of Υi(τΛ) as discussed before.
Linear tensor equations The linear equation for the gauge invariant tensor
perturbation is derived from the space-space component of the stress tensor,
Tij = 0, as
− 2
t2r(τ)
{
∂4ηh
TT
ij − 2 |∂2∂2ηhTTij + |∂4hTTij
}
+
b1
8pi2
B0(τ)
{(
1
3
∂2ηφ+
4
3
∂ηφ∂ηφ
)
∂2ηh
TT
ij +
(
1
3
∂3ηφ+
8
3
∂2ηφ∂ηφ
)
∂ηh
TT
ij
+
(
−7
3
∂2ηφ+
2
3
∂ηφ∂ηφ
)
|∂2hTTij
}
+M2Pe
2φ
{
−1
2
∂2ηh
TT
ij − ∂ηφ∂ηhTTij +
1
2
|∂2hTTij
}
= 0. (4.26)
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Figure 5.1: The evolution of Bardeen potential Φ for b1 = 10 and m = 0.05
Mpc−1.
5 Primordial Power Spectra
The observed CMB anisotropies are understood as a reflection of the Bardeen
potentials on the last scattering surface [38, 36, 37]. Before the universe was
neutralized, we can trace the history up to big bang using the Einstein theory.
The dynamics we described in the previous section enable us to trace back
further to the Planck scale where the inflation ignites.
The low multipole components of the observed CMB anisotropies correspond
to the fluctuation of the size of the order of the Hubble distance 1/H0, where
H0 is the present Hubble constant. If the universe expands more than about the
order of 1060 from the begining during the inflation and the Einstein periods,
the fluctuation of the order of the Hubble distance originates from a fluctuation
less than the order of the Planck length. The idea of inflation suggests that this
order of the expansion is able to solve the flatness and horizon problems. Thus,
we hope to observe the Planck scale physics from the CMB anisotropies.
We solve the coupled system of equations, (4.16), (4.17), (4.24), and (4.26),
numerically to obtain the values of the Bardeen potentials, the vector and the
tensor perturbations. We start the simulation at the Planck time τP (= 1/HD),
where the linear perturbation theory becomes applicable. At this time, the run-
ning coupling constant is still small enough so that fluctuations of the conformal
field are dominated by the Bardeen potentials satisfying the relation Φ = Ψ,
and the vector and the tensor perturbations are relatively small.
The scalar power spectrum is given by the two-point quantum correlation of
Bardeen potentials computed by conformal field theory. We write the Fourier
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Figure 5.2: The evolution of vector and tensor perturbations, Υi and h
TT
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b1 = 10 and m = 0.05 Mpc
−1.
transform of a field f in a comoving momentum space as
f(τ,x) =
∫
d3kf(τ,k)k−3eik·x, (5.1)
and its two-point function as 〈f(τ,k)f(τ,k′)〉 = |f(τ,k)|2k3δ3(k − k′). The
initial profile of the scalar spectrum is assumed to be [39, 6]
P Spl(k) = |Φ(τP, k)|2 = AS
(
k
m
)ns−1
. (5.2)
Here and in the following we write k = |k|, and AS is a dimensionless constant.
m = a(τP)HD is the comoving Planck scale at the Planck time. The spectral
index ns is given by the anomalous dimensions of the scalar curvature,
ns = 5− 81−
√
1− 2/b1
1−√1− 4/b1 = 1 + 2/b1 + 4/b21 + o(1/b31), (5.3)
where b1 is given by (2.6). For the large value of b1, the index approaches to
that of the Harrison-Zel’dovich [40].
The initial profiles of the vector and the tensor spectra are given by
PVpl (k) = |Υ(τP, k)|2 = AV
(
k
m
)nv
,
PTpl(k) = |hTT(τP, k)|2 = AT
(
k
m
)nt
. (5.4)
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Figure 5.3: The scalar and tensor spectra at the transition point for b1 = 7, 10,
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Figure 5.4: The logarithmic plot of the scalar and tensor spectra at τΛ.
where AV and AT are small dimensionless constants. The indices are given by
nv = nt = 0, (5.5)
because the vector and tensor modes are conformally free fields with logarithmic
correlations for the distance in the space coordinate.
The spectrum implies that the fluctuation of the distance 1/m at present
originates from that of the Planck scale, 1/HD, at the Planck time. Beyond the
Planck scale, the non-linear effects of the conformal mode will become signifi-
cant. In order to include non-linear effects, we have to solve the model exactly
or to use a non-perturbative method such as dynamical triangulation [41] for
the regime beyond the Planck scale.
The initial values of the Bardeen potentials are set as Φ(τP, k) = Ψ(τP, k) =√
P Spl(k) at the Planck time. Since the Bardeen potentials are fluctuations about
the homogeneous solution, the boundary values at k = 0 satisfy the Dirichlet
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conditions
Φ(τ, 0) = Ψ(τ, 0) = 0. (5.6)
Since the running coupling diverges at τΛ, equation (4.17) implies that the
Bardeen potentials at the transition point satisfy the relation
Φ(τΛ, k) + Ψ(τΛ, k) = 0. (5.7)
We numerically solve the coupled equations (4.16) and (4.17) imposing the
boundary condtions, (5.6) and (5.7). The initial conditions for the time deriva-
tives of Φ up to the third order set to zero and Ψ satisfies the boundary (5.7)
at τΛ. The initial values of the vector and the tensor perturbations are set as
Υi(τP, k) =
√
AV and h
TT
ij (τP, k) =
√
AT and the time-derivatives of these fields
are also chosen to vanish at τP.
The density and the velocity perturbations are computed using the equations
(4.20) and (4.21), respectively. The values at the transition point are calculated
using the Bardeen potential to be
D(τΛ, k) =
2
3
H2D
H(τΛ)2
e
−2Ne
k2
m2
Φ(τΛ, k),
kV (τΛ, k) =
1
2
HD
H(τΛ)2
e
−Ne
k
m
(
Φ˙(τΛ, k) +H(τΛ)Φ(τΛ, k)
)
, (5.8)
where Ne is the number of e-foldings defined by (3.10). Here, we multiply k on
V in order to make the expression dimensionless. Also the vector perturbation
Ωi is computed using equation (4.25), resulting
Ωi(τΛ, k) = −1
8
H2D
H(τΛ)2
e
−2Ne
k2
m2
Υi(τΛ, k). (5.9)
To derive these values, we use the value ρ(τΛ) = 3M
2
PH(τΛ)
2. Due to the
exponential factor, these values are small enough to solve the flatness problem.
Let us examine the parameters to be used for the simulation. The results
of simulation are given in figures 5.1 and 5.2. The value of the coefficient in
front of the Wess-Zumino action is taken to be b1 = 10, which gives ns = 1.25,
and the values of other parameters to determine the homogeneous background
are the same as those used in section 3. The comoving Planck scale is taken as
m = 0.05 Mpc−1. Since HD is given by the order of 10
19 GeV, the scale factor
at the Planck time a(τP) becomes the order of 10
−59, where the present scale
factor is normalized to be unity. On the other hand, after the transition occured
at the energy scale ΛQG = 1.1 × 1017 GeV, where MP = 2.4 × 1018 GeV, the
universe expands about 1029. This implies that the space-time expands about
the order of 1030 in the inflationary period starting from the Planck time and a
few accelerating expansion period right after the transition before reducing to
the Friedmann universe. The number of e-folding for these periods corresponds
to 70. It is consitent with the solution given in section 3. The initial amplitudes
of the Bardeen potentials, the vector and the tensor perturbations are taken to
be
√
AS = 10
−1 and
√
AV =
√
AT = 10
−5.
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The amplitudes of the Bardeen potentials reduces much slower than the
damping rate during the inflation. Existence of the gradually varing component
can be seen in the analytical solution of approximate equation of motion valid
in the intermediate stage of inflation as shown in the appendix C. The tensor
fluctuation is preserved to be small, while the vector fluctuation increases near
the transition point. However, in the Einstein phase, the scalar and tensor fluc-
tuations survive until present epoch, while the vector fluctuation soon disappear
and we cannot observe it. The primordial scalar and tensor spectra evaluated
at the transition point are defined by
P S(k) = |Φ(τΛ, k)|2,
PT(k) = |hTT(τΛ, k)|2. (5.10)
The results are given in figures 5.3 and 5.4, where we plot the cases of b1(ns) =
7(1.41), 10(1.25), 15(1.15) with m = 0.05 and 0.06. The simulation is carried
out for the region k ≤ 0.15, using the Fortran software, BVP SOLVER [42].
It seems that the linear approximation is not applicable for the high momen-
tum region k2/m2 ≫ 1, because such a fluctuation corresponds initially too far
beyond the Planck scale so that there appear coefficients with large values in
the equations which violate the applicability of the linear approximation. The
patterns of the spectra are sensitive to the values of m and b1, while the pa-
rameters determing the dynamical factor B0 are insensitive to that, apart from
the magnitude of amplitude. The patterns of spectra are also preserved in the
Einstein era, although the amplitudes may slightly change in a few moment
after the transition.
The initial spectra we employed here do not cut low momentum components
required to explain the observed suppression of low l-components in the angular
power spectra. In order to explain it, we meight need to seek a reason in
the ambiguity of the choice of initial spectra which should reflect original non-
perturbative dynamics of the traceless mode for the long-distance two-point
correlation functions.
6 Conclusion
We have constructed an evolutional model of the universe based on the con-
formal gravity with the symmetry breaking Einstein action. The universe starts
from a quantum state at the Planck time and grows up exponentially. As a con-
sequence of the asymptotically free dynamics, there appears a strong coupling
phase where the structure of the space-time changes drastically. The transition
takes place at the dynamical energy scale of gravity, where quantum space-time
with conformal invariance makes transition to classical Einstein universe. Then
the universe grows up to the present size, such that the size of the Planck length
at the Planck time extends to the size of the order of 10 Mpc distance today.
We have suggested that at the transition, field fluctuations freeze to localized
objects, and they eventually decay into the classical matter driving the universe
into the big bang phase.
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It was shown that the linear perturbation is applicable on the inflationary
background for the momentum range which covers the size of fluctuation ob-
served as CMB anisotropies today by COBE and WMAP. The evolutions of
gravitational scalar, vector and tensor fluctuations have been evaluated. Since
the initial fluctuations are provided by conformal field theory, we expect that the
amplitudes of tensor and vector fluctuations are relatively small in comparison
to that of scalar fluctuations. The scalar fluctuations are getting small during
the inflation, and the tensor fluctuation is preserved to be small, while the vector
fluctuation is getting large near the transition point. However, since the vector
fluctuation disappears in the Einstein era, the tensor fluctuation in addition to
the scalar fluctuation may contribute to the primordial spectra constituting the
observed CMB anisotropies.
The condition MP ≫ ΛQG is significant to make the inflationary scenario.
It also implies that quantum effects turn on the size much larger than the
Planck length so that not only the space-time singularity but also the horizon
of an elementary excitation with the Planck mass disappear. Furthermore, the
strong repulsive effect in quantum gravity which causes the inflation also erase
the singularity inside a black hole by balancing the pressure of the collapsing
matter. However, if the collapsing goes too far and exceedes the balance, the
black hole may explode something like as mini-inflation.
Appendix
A Stress Tensor for Each Sector
In the appendix A, the conformal field φ denotes a full field including the
homogeneous and non-homogeneous parts, such that φ = φ(η,x) (4.1). To
obtain the linear perturbation theory, the stress tensor has to be expanded by
the fluctuating field ϕ.
Equations of motion are obtained by the variations of the effective action as
δΓ =
1
2
∫
d4x
√−gT µνδgµν
=
1
2
∫
d4x
√−g¯ {2T¯ λλδφ+ T¯ µνδg¯µν}
=
∫
d4x
{
Tλλδφ+
1
2
Tµνδh
ν
µ
}
= 0, (A.1)
where the indices of stress tensor Tµν are contracted by the flat background
metric ηµν . The ordinary stress tensor defined by the variation of the physical
metric gµν is denoted by Tµν . Furthermore, we write the stress tensor defined
by the variation of the metric g¯µν as T¯µν . Indices of these stress tensors are
contracted by gµν and g¯µν , respectively. The difference of Tµν and T¯µν is just
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a conformal factor such that T µν = e−6φT¯ µν and T µν = e
−4φT¯ µν and so on.
Within linear perturbations in hµν , the relation between T¯µν and Tµν is given
by the symmetrized product Tµν = ηλ(µT¯
λ
ν).
The density and velocity perturbations in the matter sector are defined by
the physical stress tensor on the metric gµν as
TM00 = −(ρ+ δρ),
TMi0 = −(ρ+ P )vi,
TM0j = (ρ+ P )(vj + h0j),
TMij = (P + δP )δ
i
j +Π
i
j . (A.2)
where vi = gˆijv
j . For conformal invariant matters, the equation of state is
given by w = P/ρ = 1/3, and δP/δρ = 1/3. The trace of the anisotropic stress
vanishes, Πii = 0. The stress tensor is transformed as δξT
Mµ
ν = ∂νξ
λTMµλ −
∂λξ
µTMλν + ξ
λ∂λT
Mµ
ν under the general coordinate transformation.
Hence, the dynamical equations of motion are given by
Tµν = T
R
µν +T
W
µν +T
EH
µν +T
M
µν = 0, (A.3)
where R, W and EH denote the stress tensor for the Riegert action, the Weyl
action and the Einstein action, respectively. They are given below, while TMµν
is given by (4.2).
Riegert action
TRµν =
b1
8pi2
{
4✷φ∂µ∂νφ− 4∂(µ✷φ∂ν)φ− 8
3
∂µ∂λφ∂ν∂
λφ+
4
3
∂µ∂ν∂λφ∂
λφ
+
2
3
∂µ∂ν✷φ+ ηµν
[
−✷φ✷φ+ 2
3
∂λ✷φ∂
λφ+
2
3
∂λ∂σφ∂
λ∂σφ− 2
3
✷
2φ
]
−4∂(µhλν)✷φ∂λφ+ 2∂λhµν✷φ∂λφ− 4hλσ∂λ∂σφ∂µ∂νφ− 4χλ∂µ∂νφ∂λφ
+4hλσ∂λ∂σ∂(µφ∂ν)φ+ 4∂(µh
λσ∂λ∂σφ∂ν)φ+ 4χ
λ∂λ∂(µφ∂ν)φ
+
8
3
hλσ∂µ∂λφ∂ν∂σφ+
4
3
∂(µh
λσ∂ν)∂λφ∂σφ+ 4∂
λhσ(µ∂ν)∂λφ∂σφ
−4∂λhσ(µ∂ν)∂σφ∂λφ−
4
3
hλσ∂µ∂ν∂λφ∂σφ− 4
3
∂(µh
λ
ν)∂λ∂σφ∂
σφ
+
2
3
∂λhµν∂λ∂σφ∂
σφ+
4
3
∂µ∂νh
λσ∂λφ∂σφ− 4∂λ∂(µhσν)∂λφ∂σφ
+2∂λ∂σhµν∂λφ∂σφ− 4∂λχ(µ∂ν)φ∂λφ+ 4✷hλ(µ∂ν)φ∂λφ
+
4
3
∂(µχν)∂λφ∂
λφ− 2
3
✷hµν∂λφ∂
λφ+
4
3
∂λχ
λ∂µφ∂νφ
−4hλ(µ∂ν)∂λφ✷φ+ 2hλ(µ∂ν)✷φ∂λφ+ 2hλ(µ∂λ✷φ∂ν)φ
+
8
3
hλ(µ∂ν)∂
σφ∂λ∂σφ− 4
3
hλ(µ∂ν)∂λ∂σφ∂
σφ
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+ηµν
[
2hλσ∂λ∂σφ✷φ+ 2χ
λ
✷φ∂λφ− 2
3
hλσ∂λ∂σ∂ρφ∂
ρφ
−2
3
χλ∂λ∂σφ∂
σφ+ 2∂λχσ∂λφ∂σφ− 2
3
hλσ∂λ✷φ∂σφ− 4
3
hλσ∂λ∂ρφ∂σ∂
ρφ
−4
3
∂ρhλσ∂ρ∂λφ∂σφ− 4
3
✷hλσ∂λφ∂σφ− 2
3
∂λχ
λ∂σφ∂
σφ
]
−4
3
∂(µh
λσ∂ν)∂λ∂σφ− 2
3
hλσ∂λ∂σ∂µ∂νφ− 8
3
∂µ∂νh
λσ∂λ∂σφ− 2
3
χλ∂λ∂µ∂νφ
+
8
3
∂(µχ
λ∂ν)∂λφ− 2
3
∂µ∂νχ
λ∂λφ− 2
3
∂(µh
λ
ν)∂λ✷φ+
1
3
∂λhµν∂λ✷φ
+4∂λ∂(µh
σ
ν)∂λ∂σφ− 2∂λ∂σhµν∂λ∂σφ−
14
3
∂(µχν)✷φ+
7
3
✷hµν✷φ
−2∂λχλ∂µ∂νφ+ 4∂λχ(µ∂ν)∂λφ− 4✷hλ(µ∂ν)∂λφ+
2
3
∂λ∂(µχ
λ∂ν)φ
−2
3
hλ(µ∂ν)∂λ✷φ
+ηµν
[
4
3
hλσ∂λ∂σ✷φ+
4
3
∂ρhλσ∂ρ∂λ∂σφ+
4
3
χλ∂λ✷φ+
8
3
✷hλσ∂λ∂σφ
−8
3
∂λχσ∂λ∂σφ+
2
3
✷χλ∂λφ+ 2∂λχ
λ
✷φ− 1
3
∂λ∂σχ
σ∂λφ
]
−1
9
∂µ∂ν∂λχ
λ +
1
9
ηµν✷∂λχ
λ
}
, (A.4)
where χµ = ∂λh
λ
µ and ✷ = ∂
λ∂λ = −∂2η + |∂2. The trace of this tensor is given
by
TRλλ =
b1
8pi2
(
−2∆¯4φ− 1
2
E¯4
)
=
b1
8pi2
{
−2✷2φ+ 4hµν✷∂µ∂νφ+ 4∂λhµν∂λ∂µ∂νφ+ 4χλ∂λ✷φ
+4✷hµν∂µ∂νφ+ 2✷χ
λ∂λφ+
4
3
∂λχ
λ
✷φ− 2
3
∂λ∂σχ
σ∂λφ
+
1
3
✷∂λχ
λ
}
. (A.5)
It is also derived by the variation of the conformal mode.
Weyl action
TWµν =
1
t2
8∂λ∂σClinearµλνσ
= − 2
t2
{
✷
2hµν − 2✷∂(µχν) + 2
3
∂µ∂ν∂λχ
λ +
1
3
ηµν✷∂λχ
λ
}
. (A.6)
This tensor is traceless: TWλλ = 0.
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Einstein action
TEHµν = M
2
Pe
2φ
{
2∂µ∂νφ− 2∂µφ∂νφ+ ηµν
(−2✷φ− ∂λφ∂λφ)
−∂(µχν) + 1
2
✷hµν − 2hλ(µ∂ν)∂λφ+ 2hλ(µ∂ν)φ∂λφ
−2∂(µhλν)∂λφ+ ∂λhµν∂λφ
+ηµν
(
1
2
∂λχ
λ + 2hλσ∂λ∂σφ+ h
λσ∂λφ∂σφ+ 2χ
λ∂λφ
)}
. (A.7)
The trace of the stress tensor is given by
TEHλλ = M
2
Pe
4φR =M2Pe
2φ
(
R¯− 6∇2φ− 6∇λφ∇λφ
)
= M2Pe
2φ
{
−6✷φ− 6∂λφ∂λφ+ ∂λχλ + 6hλσ∂λ∂σφ
+6χλ∂λφ+ 6h
λσ∂λφ∂σφ
}
. (A.8)
B Proper Time Representation
The proper time is defined by the equation dτ = a(τ)dη, where a(τ) = eφ(τ)
is a solution of the homogeneous equation of motion. Then, we obtain
|∂2 = a2
(
−k
2
a2
)
,
∂η = a∂τ ,
∂2η = a
2
(
∂2τ +H∂τ
)
,
∂3η = a
3
{
∂3τ + 3H∂
2
τ +
(
H˙ + 2H2
)
∂τ
}
,
∂4η = a
4
{
∂4τ + 6H∂
3
τ +
(
4H˙ + 11H2
)
∂2τ +
(
H¨ + 7HH˙ + 6H3
)
∂τ
}
(B.1)
and
∂ηφ = aH,
∂2ηφ = a
2
(
H˙ +H2
)
,
∂3ηφ = a
3
(
H¨ + 4HH˙ + 2H3
)
,
∂4ηφ = a
4
( ...
H +7HH¨ + 4H˙
2 + 18H2H˙ + 6H4
)
, (B.2)
where H(τ) = a˙(τ)/a(τ).
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C Analytical Study of Linear Scalar Equations
In this appendix, we study solutions of the coupled linear scalar equations,
(4.16) and (4.17), analytically. We here simplify the equations as follows: the
coupling tr is a small constant such that the Hubble parameter are constant
normalized to be H = HD/
√
B0 = 1 and T = b1B0t
2
r/8pi
2 ≪ 1. Furthermore,
we neglect the momentum dependence. Such a situation will be realized in
several times after the inflation starts because the momentum dependence, k/a,
becomes negligible as the scale factor grows. Then, we obtain the following
equations for the scalar perturbations:
−2 ....Φ −14
...
Φ −36Φ¨− 48Φ˙ + 2
...
Ψ +14Ψ¨ + 36Ψ˙ + 48Ψ
+6
(
Φ¨ + 4Φ˙− Ψ˙− 4Ψ
)
= 0, (C.1)
4
3
Φ¨ +
16
3
Φ˙ +
20
3
Φ− 4
3
Ψ˙ +
4
3
Ψ
+
8
T
(
Φ¨ + Φ˙− Ψ¨− Ψ˙
)
− 2(Φ + Ψ) = 0. (C.2)
Introducing the variable f = Ψ − Φ˙, these equations are written as
...
f +7f¨ + 15f˙ + 12f = 0, (C.3)
...
Φ −
(
1 +
7
12
T
)
Φ˙− 7
12
TΦ = −f¨ −
(
1 +
1
6
T
)
f˙ − 1
12
Tf. (C.4)
The first equation has the solution
f = c1e
−4τ + c2e
− 3
2
τ sin
(√
3
2
τ
)
+ c3e
− 3
2
τ cos
(√
3
2
τ
)
. (C.5)
Substituting this solution into the second equation, we obtain
Φ = (a1 + c1)e
−τ + (a2 + c2)
(
1− 7
12
Tτ
)
+ (a3 + c3)
(
1 +
7
12
Tτ
)
e
τ
+c1
360− 7T
1800
e
−4τ +
√
3c2 + 5c3
14
e
− 3
2
τ cos
(√
3
2
τ
)
+
5c2 −
√
3c3
14
e
− 3
2
τ sin
(√
3
2
τ
)
. (C.6)
Here, we expand the time constant in T and retain within the first order.
Since we now consider the exactly zero-momentum case, this solution in-
cludes both the homogeneous vacuum mode and the fluctuation mode we seek.
At T = 0, the vacuum mode Φ = Ψ = ω satisfies the following equation:
....
ω +6
...
ω +8ω¨ − 3ω˙ − 12ω = 0, (C.7)
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which is obtained from equation (C.1), while the second equation (C.2) is trivial
in this case. This equation has an inflationary mode, eτ , and three decaying
modes, e−4τ , e−3τ/2 sin(
√
3τ/2) and e−3τ/2 cos(
√
3τ/2). Thus, by definition,
the homogeneous vacuum modes, which behave like these at the T = 0 limit,
must be removed from solution (C.6). Thus, the fluctuation, Φ, behaves for
T ≪ 1 as
Φ ∼ 1− 7
12
Tτ, (C.8)
where the exponential damping mode is neglected. This mode appears at the
intermediate region in time evolution where the momentum dependence becomes
negligible (see figure 5.1).
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